The redshift dependence of the abundance of collapsed objects places strong constraints on cosmological models of structure formation. We apply a recently proposed model describing the anisotropic collapse of inhomogeneous spatial domains. Compared with the spherical top-hat model, this generic model leads to significantly more collapsed objects at high redshifts: at redshift one and on the scale of rich clusters a factor of fifteen. Furthermore, for a fixed normalization of the initial fluctuation spectrum (σ 8 = 1), we predict four times as much presently collapsed objects on the mass-scale of rich clusters within the standard CDM cosmogony, compared to the spherical collapse.
INTRODUCTION
The abundance of galaxy clusters has been studied by Press & Schechter (1974) based on the spherical selfsimilar collapse. On a given spatial scale the spherical top-hat model consistently describes an embedded "small Friedmann model", its scale factor also obeying Friedmann's equations but for a mass different from the mass given by the background density. If a spherical domain is initially over-dense, one is led to a model of collapse, featuring a scale factor (proportional to the radius of the domain) that, in the coarse of evolution, attains a vanishing time-derivative interpreted as the "decoupling of the spherical region from the global Hubble-flow", and finally shrinks to zero interpreted as "the collapse of the spherical region". This top-hat model can be considered as a sub-case of the general expansion law discussed below. Deviations from the spherical collapse in a realistic situation have been studied in numerous work (some of which shall be cited later on). Notwithstanding, results from these works have not led to a simple alternative model for generic anisotropic collapse of inhomogeneous spatial domains, and are mostly considered as (local) refinements of "rough but sufficiently accurate" top-hat estimations. In this situation we recently proposed a model for a generic collapse as a spin-off from studies of the "backreaction problem" in Newtonian cosmology. We shall demonstrate that this generic model leads to substantially different results that cannot be regarded as mere refinements of the top-hat model.
The general expansion law in Newtonian cosmology
The generic collapse model is based on a general expansion law in Newtonian cosmology for the dust model, obtained by averaging Raychaudhuri's equation on mass conserving spatial domains, as summarized below.
Let us denote with · D the spatial averaging in Eulerian space, e.g., for a spatial tensor field A(x, t) = {A ij (x, t)} we simply have the Euclidean volume integral normalized by the volume of the domain:
3 xA(x, t). Especially we are interested in the time evolution of the volume V = |D| of the domain D, modeled by the domain-dependent scale factor a D (t) = (V (t)/V (t i )) 1/3 . In agreement with the spherical collapse model we consider only mass-conserving domains, i.e. domains identified in Lagrangian space. By averaging Raychaudhuri's equation Buchert & Ehlers (1997) obtained a general expansion law describing the evolution of the volume of a domain, via the evolution of the domains scale factor a D :
with Newton's gravitational constant G, the cosmological constant Λ, and the "backreaction term" Q D , which features positive definite fluctuation terms in the parts of the velocity gradient:
, with the expansion rate θ, the rate of vorticity ω, and the rate of shear σ. For Q D = 0 this equation equals one of the Friedmann equations for the scale factor a(t) = a D (t) in a homogeneous and isotropic universe with uniform density ̺ H = ̺ D . A relativistic treatment of the expansion law (1) was recently given by Buchert (2000) .
The key-difference of the evolution of generic domains compared with that described by the top-hat model may be summarized as follows: the evolution of a generic domain is triggered not only by over/under-densities, δ D = ( ̺ D −̺ H )/̺ H with respect to the background density ̺ H , but also by fluctuations in the velocity gradient encoded in the "backreaction term" Q D , most prominently by the averaged expansion and shear fluctuations. Consistently, Q D vanishes for spherically symmetric flows inside spheres, as well as on the global scale as a result of the assumption that the peculiar-velocity field is subjected to periodic boundaries on that scale. 1
A generic collapse model
The part still needed to solve the general expansion law (1) is a model for the time evolution of Q D . Buchert et al. (2000) (BKS) calculated Q D (t) for the spherical and plane collapse, and also provided the results based on the growing mode solution of the Eulerian linear approximation and on the Lagrangian linear approximation restricted to Zel'dovich's approximation. The approximate Q D (t) based on the "Zel'dovich approximation" is appropriate, if one wants to trace generic initial conditions into the nonlinear regime. It is a powerful property of the general expansion law (1) combined with this backreaction model that the plane-symmetric collapse and the spherical collapse are included as exact sub-cases. Important for our work is that the "backreaction term" Q D (I R , II R , III R , t) now only depends on known time-dependent functions, and the invariants I R , II R , III R of the initial velocity gradient v i,j averaged in an initially spherical volume with radius R (see BKS). For a Gaussian random field the volume averaged invariants I R , II R , III R are uncorrelated and the statistical (ensemble) average of each of them is equal to zero for any domain (BKS). But the fluctuations of, e.g., σ 2 I (R) = E I 2 R are non-zero and may be calculated from the power spectrum. Specifically, for the volume-averaged first invariant this is straightforward:
P (k) is the initial power spectrum and W R (k) is the Fourier transform of the top-hat window with radius R. Similarly, σ II (R) and σ III (R) may be related to the power spectrum of the density fluctuations (see BKS). The variance σ 2 I (R) is equal to the well-known mean square fluctuations of the initial density contrast field.
In the following we assume that the background evolution follows an Einstein-de Sitter model with h = 0.5 = H 0 /100h −1 km/s/Mpc. The scale factor of the background model is normalized to unity at the initial time, hence a(t i ) = 1 and a(t 0 ) = z i + 1, and the initial density fluctuations are modeled as a Gaussian random field with a Cold Dark Matter (CDM) power spectrum (Bardeen et al. 1986 ). We employ the normalization a(t 0 )σ I (8h −1 Mpc/a(t 0 )) = σ 8 = 1. For such a situation the fluctuations σ I , σ II , σ III are given in Table 1 for several radii of the initial domain. The normalization of the power spectrum enters in a linear, quadratic, and cubic way into σ I (R), σ II (R) and σ III (R), respectively. Table 1 The r.m.s. fluctuations σ I (R), σ II (R), and σ III (R) for an initial domain of radius R are given; the calculation was based on a standard CDM power spectrum. To make these numbers more accessible, also the linearly extrapolated mean fluctuations a(t 0 )σ I (R) for a domain with scaled radius a(t 0 )R at present time are given. M is the total mass inside such a domain. 
Decoupling from the Hubble flow
As an operational definition of the redshift z d of decoupling from the Hubble flow, we use the redshift when the expansion of a domain comes to halt:ȧ D (z d ) = 0. Our interest is whether a domain did already decouple from the Hubble flow until present. Clearly, this will depend on the initial conditions and on the radius R of the initial spherical domain, quantified by the r.m.s. fluctuations of the volume averaged initial invariants σ I (R), σ II (R) and σ III (R). To calculate the distribution of z d we assume that for a fixed radius R the volume averaged initial invariants I R , II R and III R are Gaussian random variables with zero mean and variance σ I (R), σ II (R) and σ III (R), respectively. This is correct for I R , but certainly an approximation for II R and III R (see the discussion below). Then we solve the general expansion law (1) numerically for a D as outlined in BKS starting at a redshift of z i = 200 and calculate the redshift z d , if the domain did decouple up until z = 0. Starting at z i = 1000 or 50 with accordingly rescaled fluctuations leads to nearly identical results. For either spherically symmetric, plane-symmetric, or generic initial conditions, we estimate the probability p(z d )dz d that a domain decouples from the Hubble flow at z d , using the Monte-Carlo procedure outlined above.
is the fraction of domains which decoupled until present. Considering only decoupled regions,
is the fraction of the domains which already decoupled up to a redshift of z d . In Fig. 1 both p(z d ) and F (z d ) are shown for a domain with initial radius of 0.04h −1 Mpc, a "comoving" radius of 8h
−1 Mpc corresponding to a mass scale of rich clusters. Perhaps the most striking feature is that the generic model leads to significantly more decoupled regions at high redshift in comparison to the spherical model. Also at present twice as much decoupled domains appear in the generic model.
To investigate how strong our results depend on the assumption of a Gaussian law for σ II (R) and σ III (R) we repeat our calculations keeping σ I (R) fixed but doubling (halving) σ II (R) and σ III (R). The increased fluctuations mimick the effect of a pronounced tail of the distribution and consequently lead to even stronger deviations from the top-hat model. For reduced fluctuations the results stay inbetween the generic model and the plane collapse. In both cases the redshift dependence of F (z d ) shows nearly no difference compared to the generic case given in Fig 1. This also applies to the collapse of domains as investigated in the next subsections.
Generic Collapse
The redshift of collapse z c may be defined as the redshift when a D (z c ) approaches zero withȧ D (z d ) < 0. As in the preceding subsection we are interested in the probability density of the collapse p(z c ) and the fraction of collapsed domains F (z c ). We will comment on the abundance of galaxy clusters in Subsect. 3. Fig. 2 .-In the upper plot the fraction F (zc) of collapsed regions, and the probability density of collapse p(zc) are shown. The same conventions as in Fig. 1 apply. For the lower plot the restricted initial conditions with I R ≤ −1.69 apply.
The fraction of collapsed domains F (z c ) in the generic model is now strongly enhanced for high redshifts, compared to the spherical collapse. Moreover, only 5% of the domains collapsed in the spherical model, whereas in the plane-symmetric case 16%, and in the generic case already 20% of the domains collapsed. Thus, for a fixed initial normalization (σ 8 = 1), four times as much collapsed objects are predicted to have formed at the present time. If we normalize the model to the observed cluster abundance with σ 8 = 0.6 (Viana & Liddle 1996) , the relative difference between the spherical and the generic collapse becomes even stronger. A similar dependence was observed by Governato et al. (1999) in their comparison of the cluster abundances, estimated either by using the Press-Schechter prescription or N-body simulations. Considering domains with an initial radius 5h −1 Mpc/a(t 0 ) we find the same result as Bartelmann et al. (1993) for the F (z c ) in the spherical model. However, our generic model based on the volume averaged invariants predicts a significantly larger F (z c ) at high redshifts compared to collapse times calculated with the "Zel'dovich approximation" using the the locally diverging density as the collapse criterion. Contrary to their point-wise treatment our approach takes the spatial correlations of the initial velocity field into account.
To investigate the redshift dependence of the collapse further we restrict our attention to initially over-dense domains with I R = − δ R ≤ −1.69. These domains will collapse in the top-hat model. As already mentioned, II R and III R are stochastically independent of I R for a Gaussian random field (see BKS) and our Monte-Carlo procedure applies. In an Einstein-de Sitter universe the tophat model predicts that domains collapsed only recently (Fig. 2) . However in the generic scenario, the majority of the initially over-dense domains already collapsed before z ≈ 1.2. In the generic case 3% of these domains do not collapse, illustrating that combinations of the invariants II R and III R may delay the collapse, which is illustrated further by the comparison with the plane collapse (I R = 0 and II R = 0 = III R ).
Redshift and mass dependency
In the preceding subsection we focused on the collapse of domains with an initial radius R = 8h −1 Mpc/(z i +1) comprising the mass 0.6 × 10 15 h −1 M ⊙ . Now we compare the fraction of collapsed domains in the generic case F gen with the spherical top-hat F sph on different mass-scales and for different redshifts using the ratio F gen (z c )/F sph (z c ). Values larger than unity indicate that actually more collapsed objects are present than predicted by the top-hat model. In comparing F (z c ) we enforce the same abundance of collapsed domains at present. From Fig. 3 we see that for domains with a comoving radius of 5h −1 Mpc enclosing a mass of 0.15 × 10 15 h −1 M ⊙ , the number of collapsed objects is reasonably well approximated by the spherical collapse model for small redshifts: the ratio F gen /F sph stays well below two for z c < 0.5. However, the number of collapsed domains at high redshifts is significantly underestimated by the top-hat model -at a redshift of z = 1.5 by a factor of ten. This difference becomes even more severe on larger mass scales: two orders of magnitude may be obtained at a redshift of z = 1.5 on the mass scale of rich clusters. We want to emphasize that the "Zel'dovich approximation" entering our calculations in the generic case becomes increasingly more accurate for larger domains. If we restrict our attention to domains with I R = − δ R ≤ −1.69, i.e. domains collapsing in the spherical model, this discrepancy is even stronger.
DISCUSSION
We examined the collapse of arbitrary spatial domains embedded into a generic inhomogeneous cosmology that is only restricted by the requirement of globally vanishing "backreaction". We combined the general expansion law for such domains with a "backreaction model" based on the Zel'dovich approximation" to obtain explicit solutions for the scale factor of such domains. Although we approximated the backreaction term, the resulting model still contains the spherical top-hat model as exact subcase and is also exact in the orthogonal case of planesymmetric collapse. The model is more general than the volume deformation based on the averaged "Zel'dovich approximation". Assuming Gaussian initial conditions of a standard Cold Dark Matter cosmogony we calculated the abundance of decoupled and collapsed domains. We found that both abundances are higher than those predicted by the top-hat for an initial radius R = 8h −1 Mpc/(z i + 1) of the domain. For the normalization of the initial fluctuation spectrum with σ 8 = 1, decoupled domains are more abundant by a factor of two, collapsed domains by a factor of four. Clearly, these results depend on the adopted normalization and background model. However, nearly independent of the normalization is the vast disagreement between the top-hat model's prediction and that of the generic model concerning the abundance of collapsed objects at high redshift: we obtained 100 times more collapsed objects at a redshift of approximately two on the scale of rich clusters (8h −1 Mpc). As far as our model compares with results of N-body simulations we expect, by construction, that the generic model can resolve the disagreements known for the spherical model (Governato et al. 1999; Jenkins et al. 2000) . As a rule, our model mimicks that of N-body results at least down to the scale where the local (truncated) Lagrangian approximation reproduces the results of N-body runs (Weiß et al. 1996) . Richstone et al. (1992) studied F (z c ) using the spherical model (see Bartelmann et al. 1993 for consistent initial conditions). Attempts to go beyond the spherical model followed mainly two lines. The "local" approach is often based on the "Zel'dovich approximation" (also the third-order Lagrangian perturbation approximation is employed), where the collapse of a domain is associated with a diverging local matter density (see e.g. Bartelmann et al. 1993 , Monaco 1997a ,b, Lee & Shandarin 1998 , and Engineer et al. 2000 . The redshift of collapse is calculated from the distribution of the eigenvalues of the deformation tensor (Doroshkevich 1970) . Other approaches use a "filter" different from the spherical top-hat. The sharp k-space clipping (Bond et al. 1991 ) is able to circumvent shortcomings in the derivation of Press & Schechter (1974) , however, the physical significance of this kind of filter is unclear. The evolution of ellipsoidal over-densities (White & Silk 1979) embedded in a homogeneous background, or the deformation of an initially spherical domain into an ellipsoid based on the "Zel'dovich approximation" (Sheth et al. 1999) were employed as approximations to calculate the anisotropic collapse. Our approach may be viewed as a combination of both lines. All the approaches including ours should be complemented by a treatment of the cloud-in-cloud problem (Jedamzik 1995) .
Still, the question remains how the abundance of collapsed domains in this generic model may be related to the abundance of observed clusters. In the spherical model one can use the virial theorem to estimate the over-density where the collapse stops and the system "virializes". How-ever, for small generic domains embedded into a fluctuating background and admitting non-negligible generic shear fields on the size of the domain, neither the spherical assumption nor the virial theorem for isolated systems (Chandrasekhar & Lee 1968 ) holds. The model lacks forces that could compensate the collapse. Besides baryonic physics (Gunn & Gott III 1972) it would be mandatory to include multistream forces opposing the collapse (Buchert & Domínguez 1998) . While a spherical collapse is never realized, the generic model includes the effect of shear fields and fluctuations of the environment of the domain to describe a realistic collapse situation.
The number density, as predicted by the PressSchechter estimate, (h = 0.5, SCDM, σ 8 = 1) amounts to 240/(1Gpc) 3 , 0.6/(1Gpc) 3 at the mass scale of rich clusters at a redshift of z = 1 and 2, respectively. From Fig. 3 wie infer factors of approximately 15 and 100 enhancement resulting in 3600/(1Gpc) 3 , 60/(1Gpc) 3 objects at these redshifts (Yasushi Suto, priv. comm.) . With the above normalization already the Press-Schechter approach overestimates the observed abundance of X-ray clusters (e.g. Kitayama & Suto 1997 , Borgani et al. 1999 , however the abundance of collapsed domains also includes "dark" clusters. Our results have an obvious and important implication for ongoing high-redshift cluster survey projects using large telescopes such as Subaru and VLT. The observed number abundance should be compared with an accurate theoretical prediction for realistic collapse characteristics in order to draw firm conclusions on the cosmological parameters. Our study clearly shows the quantitative importance of modeling a realistic collapse situation for an accurate theoretical prediction.
